Abstract: A plasmonic vortex lens (PVL), which enables to focus the spin or orbital angular momentum to a specific spatial position in the form of a plasmonic vortex, has been widely studied. Here, we present a specific PVL structure to focus the surface plasmon polariton wave on an arbitrary spatial position. Both analytical and numerical analyses are presented. The plasmonic field of our PVL is an approximate Bessel beam. In particular, the PVL can focus the input beam into a zeroth-order Bessel beam with a central peak. Based on this principle, multiple focuses by combining multiple different PVLs are designed. We can freely control the focuses just by changing the input modes. Owing to the tuning ability of the focuses, these findings can motivate the applications for optical trapping, optical data, and digital display on chip.
Introduction
The Surface Plasmon Polariton (SPP) is an electromagnetic mode constituted by a light field coupled to a collective electron oscillation propagating along an interface between a metal and a dielectric [1] . It has attracted lots of research interest because of its intriguing properties such as field localization and enhancement. The SPP has been widely used in a variety of interesting applications, such as excitation of diffraction-free beams [2] , plasmon focusing [1] , [3] - [7] , subwavelength waveguiding [8] , [9] , directional coupling [10] , [11] , and detection of the orbital angular momentum (OAM) [3] , [12] , [13] .
An important branch of SPP is plasmon focusing which has been widely studied. There are many structures put forward, such as arc slits [3] , [13] and the plasmonic vortex lens (PVL) [1] , [4] - [6] . The PVL can couple the spin angular momentum (SAM) and the OAM into the plasmonic vortex. The plasmonic vortex refers to an optical vortex of plasmonic waves with a dark spot and phase singularity at its center. Light beams carrying OAM are associated with an azimuthal phase structure expðil'Þ, where ' is the angular coordinate, and l is the azimuthal index, defining the topological charge (TC) of the OAM beams [14] . These beams have an OAM of l h per photon ( h is Planck's constant h divided by 2). SAM is related with the helicity of the incident beams. To the best of our knowledge, most attentions about the focuses of PVLs are paid to the center focusing of a fixed optical axis and single focus design currently. The features of focusing to any spatial position and multiple focuses design have not attract enough attention yet. In our earlier study [15] , we introduced the work about optionally focusing with a PVL. Even so, a more detailed analysis is required and some extensions can be continued.
In this paper, we present a specific PVL structure to focus the SPP wave on an arbitrary spatial position. Both analytical and numerical analyses are presented. The plasmonic field of our PVL is similar to the one of the traditional PVLs, which is an approximate Bessel beam. Especially, the PVL can focus the input beam into a zeroth-order Bessel beam with a central peak. Based on the principle, examples of double focuses and three focuses by combining multiple different PVLs are designed. We can freely control the focuses just by changing the input modes. Owing to the tuning ability of the focus, these findings can motivate the applications not only for optical trapping and optical data but for digital display on chip as well. Fig. 1(a) presents the schematic structure and geometry of the PVLs. We design spiral air-slits with a width of 250 nm in a metal (gold) film whose thickness is 200 nm and the metal film is deposited on the silica substrate. We assume that the designated focus (F ) is located at Position ðR; Þ in the cylindrical coordinates. The objective of our PVL is to add a spiral phase expðim'Þ on the SPP wave excited from the slits via designing the optical path. Therefore, the track of N-fold spiral slits (P) is described as
Principle and Structure
where ðr ; 'Þ are two-dimensional polar coordinates corresponding to rectangular coordinates ðx ; y Þ, sp is the wavelength of the SPP, a is the initial length of PF and m defines the geometrical charge of the PVLs. If ðR; Þ ¼ ð0; 0Þ, the PVL is the same to the traditional PVLs. Fig. 1(b) shows the geometry of the PVL where m ¼ 3, N ¼ 3, the distance from slits to the focus is proportional to the value of azimuthal angle ', and is in a range from a to a þ Nm sp . We choose right or left circularly polarized light with an OAM of l h per photon as the input beam. The OAM beam is focused by an objective lens and normally illuminates the metallic film along the z-axis, as shown in Fig. 1(a) . We assume that the focused beam that illuminates the metallic film is an ordinary Gaussian vortex beam, which is expressed as [16] , [17] 
where s equals 1 or À1 corresponding to right or left circularly polarized light, respectively. w is the waist size of the fundamental Gaussian beam (l ¼ 0). Define ' f as the azimuth of a generic point A when setting the coordinate origin at the focus (F ). Because of the offset of focus, the phase of the input beam is not precisely linear with ' f , but it still presents a rough helical phase structure. So the plasmonic field at an generic point A can still approximately expressed as Bessel function [1] , [6] , [18] Ẽ
where
sp is the wavenumber of the SPP. J j is jth-order Bessel function of the first kind.
Appointed Focus
In the simulation, the wavelength of the incoming OAM beam is set as 660 nm and the corresponding wavelength of the SPP is sp ¼ 635 nm. We assume that the radius of the OAM beam (w ffiffiffiffiffiffiffi l=2 p ) which illuminates the metallic film equals a þ N sp =2 to ensure a good coupling efficiency of SPP. We then set a ¼ 5 m and N ¼ 1. The plasmonic field for different OAM beams illuminating is calculated through three dimensional finite difference time domain (FDTD) simulations. Fig. 2 shows the simulated results under different parameters ðs; l; mÞ where the focus is set at the position of (1 m, 0 m) in the rectangular coordinates. One can see that the center of the plasmonic field appears at the appointed focus. When parameters ðs; l; mÞ is set as (1, 0, À1), as shown in Fig. 2(a1) -(a3), the intensity pattern (a1) is a spot because of j ¼ l þ m þ s ¼ 0 and the phase distribution (a2) does not feature the helical structure, which agrees well with (3). We also analyzed the intensity distribution in the cross section around the focus as shown in Fig. 2(a3) , the curves labeled by "Sim-x" and "Sim-y" represent the intensity distribution in the cross section parallel to the x-direction and y-direction respectively. The curve labeled by "Theory" indicates the intensity distribution along radial direction, which is calculated by (3). The FDTD simulations are in agreement with the theoretical results and the full width at half maximum (FWHM) of the focal spot is about 250 nm. Other calculations are also shown in Fig. 2(b1) -(b3). When parameters ðs; l; mÞ equals (1, 2, À1), then j equals 2. So the intensity distribution is annular as second-order Bessel function and the phase features a helical structure with TC ¼ 2. The simulations in Fig. 2 (b1)-(b3) have confirmed this judgment. From (3), we know that the diameters of the plasmonic vortex increase when jjj increases and keep the same when jl þ m þ sj does not change for different ðs; l; mÞ. Fig. 3 shows the As expected, the result shows the diameters of vortices are almost identical when the PVLs have the same charge jjj, which is the sum of geometrical charge m, SAM term s, and azimuthal phase term l. The deviation comes from the simulation error and the simplified model in (3). It proves the plasmonic field can still be approximately expressed as the Bessel function of the first kind with a helical phase structure around the optionally appointed focus despite of the offset of focus.
To verify whether the focus can be appointed to any position, we design the PVL geometry to make the focuses at different positions, as shown in Fig. 4 . The insets of Fig. 4 are the zoom in of the intensity distributions around the focuses with a size of 2 m Â 2 m. When setting parameters ðs; l; mÞ at (1, 2, À3) and (1, 3, À3), the focuses are accurately at appointed positions ðx ; y Þ of ð1 m; 0 mÞ, ð0 m; 1 mÞ, ðÀ1 m; 0 mÞ, and ð0 m; À1 mÞ respectively. For the same ðs; l; mÞ, the intensity distributions are consistent. The results are consistent with the prediction of the theory in (3). Therefore, the shape of the intensity distributions is only related to the parameter j and the focal position is determined by the geometry of the PVL.
The key of the design is to make the SPP wave, generated by a certain OAM mode shining, have the same phase when it transmits to the designated focus, so that it can gather into a spot. The physical mechanism is very simple which is just based on constructive interference. Therefore, the focus can be designed at an arbitrary position in theory, although we only present the simulations shifted by 1 micron. When shifting the focus by a very large extent, there will be still a spot generated at the focus, but the intensity patterns will not be entirely circular, which is caused by the uneven intensity distributions of incoming light in the silts.
Multiple Focuses Design
On the basis of the aforementioned analysis, it proves that we can focus the SPP on an optionally appointed position just by designing the geometry of the PVL. The ability of tuning the focus makes that it is possible to simultaneously and freely control multiple focuses. For simplicity, here we give a very simple case where double focuses are designed. Assume that the two appointed positions are F 1 and F 2 , the geometries of the spiral slits (P) can be described as
where m 1 and m 2 denote the geometrical charges of the two PVLs.
An example is shown in Fig. 5 where we set F 1 as ð1 m; 0 mÞ and F 2 as ðÀ1 m; 0 mÞ,
We let right circularly polarized beams (s ¼ 1) illuminate the metallic film. In order to focus the input beams into focal spots with a central peak, the TCs of the input OAM beams are À1 and À5 for the two PVLs respectively. We can see that there is a focal spot at F 1 and a low intensity at F 2 when an OAM beam with TC ¼ À1 is employed to illuminate the metallic film, shown as in Fig. 5(b) . When changing the TC to À5, there is a low intensity at F 1 and a focal spot at F 2 as shown in Fig. 5(c) . Specially, when both the two OAM beams are employed, there are two focal spots at F 1 and F 2 respectively shown in Fig. 5(d) . The bright and dark change of the light in other areas is caused by the interference of the two SPP waves excited by the two PVLs. The simulated results are quite consistent with the predictions. Therefore, it is proven that we can simultaneously and freely control multiple focuses just by changing the input OAM modes.
There are some limits in the multiple focuses design. From Fig. 5(b) and (c), we can see that the focal spots are very clear when only one OAM mode is illuminated, but there is strong interference in the area between the two focuses when the two OAM modes illuminate simultaneously. The interference generates many secondary spots which make the appointed focuses difficult to distinguish. Therefore, it is unsuitable to design three or more focuses in a line, and our other simulations also indicate that it is hard to design three or more focuses in a line. An example of In addition, the focal spots are very distinct when only one OAM mode illuminates and become difficult to distinguish when multiple OAM modes illuminates. We also try to design a structure with four focuses, but we find that the focal spots are buried. Therefore, it is hard to design four or more focuses, owing to the strong interference.
Conclusion
In conclusion, we put forward a scheme to focus the SPP on an optionally appointed position by designing the geometry of the PVLs. The plasmonic field is similar to the one of the traditional PVLs, which is an approximate Bessel beam. In particular, the PVLs can focus the input beam into a zeroth-order Bessel beam with a central peak. The focus can be designed to optionally appointed position and does not change the distribution form of the plasmonic field. When two or three focuses are designed, we can freely control the focuses just by changing the input OAM modes. We find that it is hard to design four or more focuses owing to the strong interference. These findings are useful not only for optical trapping and optical data but for digital display on chip as well.
